A fast current pulse causes a material to heat and undergo rapid expansion. We calculate the response of a cylindrically shaped material to a pulse on the microsecond time scale. The first step is to obtain the breathing modes of elastic oscillation of the cylinder. These modes are calculated using a Rayleigh-Ritz variational method introduced by Demarest for cubes. The boundary conditions are derived, which give the amplitude of each elastic mode in response to the sudden heating. The results are illustrated by calculations on a station arrester made of a ZnO ceramic.
I. INTRODUCTION
Zinc oxide varistors are a type of fuse used to clamp surges in line voltages. A voltage surge in the input line is absorbed in the varistor, causing it to heat rapidly for large surges. A very large surge causes it to break or fail by puncture or fracture. 1 All varistors are cylindrical in shape. Depending upon their use, some are long cylinders while others are short. Recently we have modeled the failures of varistors from the diffusion of heat originating from a current filament. 1, 2 The filament is caused by inhomogeneities in the material. Another model for failure was considered by Vojta and Clarke, 3 who assumed the heating was uniform, and the response was due to the excitation of an elastic wave. They were only able to solve the two limiting cases of very long and thin varistors, or very short ones. Here we solve the general case of cylinders with any aspect ratio between length and radius. An entirely numerical solution for a general cylinder was given by Lengauer et al. 4 The present method can be used for any cylindrical object that is heated rapidly. The basic idea is that the cylinder has normal modes of elastic oscillation. The heating pulse causes the cylinder to expand, which excites the breathing modes. Fracture is caused by stresses which exceed a material limit. The largest stresses are found at the largest value of the oscillation amplitudes. Many modes contribute to these oscillations.
Section II solves for the elastic oscillations of a solid cylinder. The oscillations of a finite cylinder have been discussed in a number of books on elasticity. [5] [6] [7] [8] They all state that the problem has never been solved. Recently, a numerical solution was presented by Visscher et al. 9 Their solution did not allow the discussion of the symmetry of most of the modes and only included one set of Lamé parameters. Here we solve the problem again so that the mode symmetry is obvious.
Some torsional modes have simple analytical solutions, but most breathing modes are quite complicated. The best numerical method is a variation on the Rayleigh-Ritz technique, which has become accessible with the age of the computer. It has been applied to the vibrations of the cube with much success. [10] [11] [12] [13] [14] 
II. VARIATIONAL METHOD
Here we summarize the variational method. The total energy density of a vibrating harmonic system is the kinetic energy ͑K͒ and potential energy (V)
EϭKϩV, ͑3͒
where m is the mass density. The tensor operator L is specified below. When oscillating the displacement u(r,t) ϭu(r)cos(t) so the various energies are
An accurate solution is obtained by reducing the second bracket to be as small as possible. This idea is the basis of the variational procedure. The function to be minimized is Fϭ 2 K s ϪV s . In the Rayleigh-Ritz method, the procedure is to expand the function u(r) in a set of basis functions a͒ Author to whom correspondence should be addressed. u i (r) and then perform a variational operation on the coefficients. We select the basis so that they are orthogonal over the volume of the cylinder
The latter equation is a standard eigenvalue equation. The oscillation frequencies i are the square root of the eigenvalues of the matric L i j / m . The elastic displacement is a vector u(r) and the differential equation is a vector wave equation. The boundary conditions are that the stress tensor i j obeys 0ϭ⌺ i n i i j where n i is the vector normal to the surface. There are three components to this equation for each surface. The reason that the problem is difficult to solve is that simple combinations of basis functions do not obey the boundary conditions on all of the surfaces. The interesting aspect of the variational method is that the perfect variational solution automatically obeys the stress-free boundary conditions. One does not have to have basis functions u i (r) which obey the boundary conditions, although it reduces the size of the final matrix if they obey as many as possible in a simple way.
The cylinder has a radius a and the z direction is along the axis of the cylinder ϪbϽzϽb. We use cylindrical coordinates rϭ(,,z). We assume the material is isotropic, so the two transverse sound modes have the same velocity c t . This model can be applied to polycrystalline solids when the grains are small and randomly oriented. The vector wave equation for frequency is 0ϭ m 2 uϩٌ 2 uϩ͑ϩ ͒"͑ ٌ"u͒. ͑11͒
The boundary conditions are that 0ϭe z ϭe ϭ on the surface ϭa, while at zϭϮb the boundary conditions are 0ϭe z ϭe z ϭ zz . These elastic functions are found in the references. The boundary conditions will be satisfied by a perfect variational solution. The potential energy for the cylinder has the form
where c l ,t are the longitudinal and transverse speeds of sound. The calculation proceeds by evaluating the potential energy in Eq. ͑12͒ and then solving the eigenvalue equation in Eq. ͑10͒. Reference 9 describes a method of solution which can be applied to any object of any shape. They used the basis set x l y m z n . This set is not convenient for the cylinder, but the computer does all of the work. Among these 12, the only breathing mode has the frequency of 46.1 kHz. It is a simple elongation of the cylinder. Using the x l y m z n basis is rather inefficient for our problem since only a small fraction of the modes which are generated are breathing modes. Another difficulty is that in a variational calculation an eigenfunction, which varies by a small factor O() from the exact eigenfunction, produces an eigenvalue with an error of O( 2 ). Prior calculations wanted eigenvalues so the set of functions need not be large. Our calculation needs accurate eigenvalues and eigenfunctions, so a larger basis set is required. Therefore we developed a new set of basis functions which are suitable for this problem.
III. BASIS FUNCTIONS
The usual way to solve the vector wave equation is to start with the scalar Helmholtz equation
where v is a velocity. For the cylinder these are the functions
Our interest is in the breathing modes of the cylinder, so we take l ϭ0. The process for finding the solutions to the vector wave equation are given in Morse and Feshbach. 6 We use the fact that J 0 (z)ЈϭϪJ 1 (z):
͑1͒ Longitudinal solutions are given by u l ϭ", which for l ϭ0 have the form
The first transverse wave is u t1 ϭ"ϫ(ẑ ). Starting with ϭJ 0 (qr)sin(kz) gives
This mode satisfies ""u t1 ϭ0. ͑3͒ The second transverse wave is given by u t2 ϭ" ϫ͓"ϫ(ẑ )͔. Starting with ϭJ 0 (qr)sin(kz) gives
This mode satisfies ""u t2 ϭ0. The second solution Eq. ͑17͒ is a pure torsional mode. It can be made to satisfy all of the stress-free boundary conditions at zϭϮb by choosing kϵk n ϭ(2nϩ1)/(2b). The choice of q is given by the zeros l ␣ of the Bessel function 0 ϭJ l ( l ␣ ). For each l there are an infinite number of ␣'s which satisfy these equations. For the torsional modes we choose J 2 (q ␣ a)ϭ0, which means that q ␣ ϭ 2␣ /a. This solution is in standard books. There is also a torsional solution give by the unrenormalized eigenfunction
which has an eigenfrequency n ϭc t (2nϩ1)/(2b). For n ϭ0 this formula predicts f 0 ϭ 0 /(2)ϭ29.6 kHz, which is the first mode shown in Fig. 1 . The second transverse mode u t2 and the longitudinal mode u l (r) both have vector components in the two directions ( ,ẑ ). They mix in the cylinder, and the breathing modes are a mix of these two kinds of modes.
The solutions for the cube provide valuable lessons. Using basis functions such as sin(k n z),cos(k n z),k n ϭ(2n ϩ1)/(2b) gives a potential term V s which is exactly separable when doing the Rayleigh-Ritz method. However, the resulting solutions do not obey the boundary conditions. Demarest 12 showed that using Legendre polynomials P n (x/b) as the basis gives a matrix for V s that is not separable, but whose eigenfunctions do satisfy the boundary conditions. The message in the present problem, for the cylinder, is that one cannot use Bessel functions as the basis since they give solutions that are also exactly separable and do not satisfy the boundary conditions. Instead, we must find the cylindrical equivalent of Legendre functions. This feature seems to be required to obtain the desired boundary conditions. For the cylinder, the Legendre functions work in the z direction. However, in the radial direction other functions are required, which are normalized according to
͑21͒
Bessel functions obey these relations, but they do not give us the variational mixture needed to get the right answer. Instead, we created a new set of polynomials for this problem. They are modeled after the Legendre polynomials in that one set R 2n (x),xϭ/a, contain only even polynomials, while a companion set S 2nϩ1 (x) contain only odd polynomials. They are normalized to R 2n (1)ϭ1,S 2nϩ1 (1)ϭ1, and obey the orthogonality relations
The two sets of functions R 2n ,S 2nϩ1 are not mutually orthogonal, but we do not mix them. Since we take their derivatives we need the following relations:
One cannot use a state P 0 (z) for u z since that would have the cylinder undergoing center-of-mass motion. Another feature emphasized by Demarest 12 is the symmetry of the modes. If one has odd polynomials in one direction they are coupled with even polynomials in the other direction. These rules guide us in the choice of basis functions. Our final choice is made to fit the boundary conditions, which are explained in Sec. IV. The ansatz wave function is constructed assuming that the maximum polynomial is Nth order, where N is an odd integer. If the variables are (,zЈ) then x ϭ/a,zϭzЈ/b. It is also useful to use normalized polynomials which are defined as
͑32͒
The symbol r n denotes the normalized R n or S n depending upon whether n is even or odd. The eigenfunction expansion for Nϭ5 is
where u l (r) are the normalized functions such as p 0 (z)r 3 (x). Polynomials are retained up to a combined fifth order in the above example. For actual numerical work we retained polynomials up to 13th order, but the above formulas are presented as an example. Also, it was imperative to have analytical results for the interactions in order to check and test the computer code on small values of N. Using these functions, we can construct the various stress tensor components
Using these results, the kinetic and potential energy terms are 
The eigenfrequencies can be used to construct the eigenmodes of the cylinder
These modes are used in discussing the response to the sudden heating.
IV. BOUNDARY CONDITIONS
The vibrations of the cylinder were found in the previous section. They are now used to calculate the response of the cylinder to a pulse of current. The usual current pulse for testing is a ''4 -10,'' which means that it rises to its maximum value in 4 s and decays to half its value in 10 s. A pulse shape which does this approximately is
where the constant ϭ4 s. Joule heating in the pulse raises the temperature according to C dT/dtϭW 0 F(t), where W 0 is the power and C is the heat capacity. So the rise in temperature is the integral of F(t) which gives
where ⌬T is the final temperature rise caused by the current pulse. Eventually the system will cool down, but that is on a much larger time scale than the current pulse. The stresses in the two directions are
where ␣ is the coefficient of linear expansion, and , , and K are elastic moduli defined in the Appendix. For a long period, after the system has stopped oscillating, these stresses must vanish. In that case the only solution to these equations for t→ϱ are
The equations of motion in Cartesian coordinates are
The source term for the elastic oscillation is the current pulse, which causes the cylinder to start expanding. The Joule heating, which causes the expansion, enters into the diagonal stresses ii . The heating is assumed to be uniform so that its spatial derivative is zero. In that case it appears to drop out of the calculation. Vojta and Clarke introduced one way of avoiding this problem, and here we introduce another. Our method is to assume the existence of a source term in the dynamical equation. Since the spatial derivative does not affect the time response, this source term must be proportional to 3K␣⌬T f (t). The constant of proportionality is chosen so that the displacement u(r,t) goes to Eq. ͑51͒ in the limit of infinite time. So we solve the equation
where U i (r) are the eigenfunctions of frequency i found above by the Demarest method. The coefficients C i (t) need to be determined, as does the coefficient ⌳(r). The above equation is solved using a Laplace transform. Because of the form for f (t) the displacement u(r,tϭ0)ϭ0, as does its first time derivative. In this case the above equation is
where C i (p), f(p) are the Laplace transform of the various functions. The solution for C i has the form
The inverse Laplace transform gives
The constant c i has been introduced, which needs to be determined. The key is that C i (tϭϱ)ϭc i so that
͑65͒
The last equation completes the derivation. The vibrations of the cylinder are given by Eq. ͑55͒, where the amplitudes are given in Eq. ͑61͒ in terms of the coefficients c i defined in the above equation. As a check on the result, take the second time derivative of Eq. ͑61͒ and find
Compare this formula to the differential equation ͑54͒ which gives
which agrees with Eq. ͑60͒. The derivation is self-consistent, in that one can find a time-independent function ⌳(r) which generates the correct static displacements at large time. Equation ͑61͒ has two interesting limits: ͑1͒ The adiabatic limit is when i ӷ1. In this case
There is no oscillations since the current pulse was slow in time. ͑2͒ The other limit is when i Ӷ1 in which case
Here the pulse is in the sudden approximation, and the response is a pure oscillation. In the present case with ϭ4 s most of the elastic modes are in the adiabatic limit and induce no significant oscillation. A very useful quantity is
which is the coupling of a mode to the oscillatory term cos( i tϪ2 i ). The denominator reduces this coupling for modes of higher frequency.
V. COMPARISON TO PRIOR RESULTS
The above equations were put on the computer and calculated for a ZnO arrester. The parameters are used from Ref. 4 : aϭ17 mm, bϭ22 mm, Eϭ100 GPa, and ϭ0.36. The calculated speeds of sound are: c t ϭ2.60 km/s and c l ϭ5.57 km/s. The frequencies i ͑in units of 10 6 rad/s͒, f i ϭ i /(2) in units of kHz, and constants c i ,d i are shown in Table I for the lowest six modes. These modes have the largest values of d i . Note that all of the modes have i Ͼ1. If i Ӷ1 then the system responds in the sudden approximation. If i ӷ1 then the system responds adiabatically. In practice the lowest modes have i ϳ1 while the higher modes are in the adiabatic limit. The values of d i decline rapidly for modes of higher frequency. The sign of these values is not significant since they are multiplied by the eigenfunctions U i (r) which can have either sign. Figure 2 shows the stress zz (r,t) as a function of time in microseconds. The three curves are for zϭ0 ͑solid triangles͒, zϭb/2 ͑open triangles͒, and zϭb ͑solid triangles͒, and all are at ϭ0. We set ␣⌬Tϭ1 in making the graphs. The oscillations are not dominated by a single frequency. All modes contribute to the oscillations, with varying applitudes. The temporal behavior is somewhat complicated.
The stress in the first oscillation is the largest in the center of the cylinder (zϭ0) and gradually decreases toward the ends. We have calculated several points between those shown in order to ascertain that the trend is monotonic. These curves are not shown to avoid cluttering the figure. This negative oscillation is a compressive stress. It occurs when the cylinder heats up rapidly and starts to thermally expand. The expansion has not yet occurred so the cylinder is under compression. It can break, and in this case would break in the center.
The second large oscillation at about 17 s has a positive amplitude. It is the first expansion of the cylinder, which overshoots the equilibrium point. In this case the largest zz stress is at the point zϭb/2, which is at the 1/4 or 3/4 point along the length of the cylinder. The breaking point under tension is less than the breaking stress under compression. The cylinder could break at this point if it did not break in the first oscillation. In this case the breaking would occur at the 1/4 or 3/4 point. These results are in very good agreement with those in Ref. 4 . They showed only the curve we label zϭb/2, which they asserted had the largest value of zz stress. Their curve is very similar to our curve, so we confirm their results. However, the cylinder will not always break at the 1/4 or 3/4 point since it could break in the first oscillation under compression. Experimentally it is found that varistors usually break in the center, and the break is along a plane perpendicular to the z axis.
The line in Fig. 2 with solid triangles and small amplitude is the stress zz (t) evaluated at the end of the cylinder: ͑ϭ0, zϭb͒. This stress is zero if the boundary conditions are obeyed perfectly. In the variational calculation the end stress is quite small but not zero. Increasing the degree N of the polynomial causes this stress to become increasing small.
In doping these calculations we set ␣⌬Tϭ1. In practice this dimensionless quantity is O (10 Ϫ4 ). The dynamic stresses are of order mega-Pascal rather than giga-Pascal.
VI. ELASTIC MEASUREMENTS
A station arrester of ZnO was obtained. It is a commercial unit manufactured by the Ohio Brass Company. Varistors are ZnO ceramics with additives of other metal oxides, each at the level of 1%. Each manufacturer has a different set of additives, which is proprietary.
The frequencies of the lowest normal modes were measured. An HP 3325B frequency synthesizer with frequency resolution of 1 Hz is used to excite the sample via a gold plated PVDF transducer. The sample response is monitored with a similar transducer. The signal is amplified and sent to a Stanford Research SR844 RF lock-in amplifier and recorded on a Sun workstation. The Lorentzian peaks are then fitted, which extracts the center frequency. More details are given in Ref. 15 Fig. 2 and in Table I , had HϾD and the first breathing mode was No. 4. Here with HϳD the first breathing mode has dropped to No. 8.
The breathing modes were calculated using the basis set with ͓ p l (z),r n (x)͔. The same values were used for the size, density, and elastic parameters. These frequencies are shown in Table III , along with the coupling coefficients c i ,d i . Again only a few modes of small frequency have a significant value of coupling d i to the induced oscillations. Figure 3 shows the value of the stress zz from a 4 -10 pulse calculated assuming ␣⌬Tϭ1 along the axis ϭ0 at the points zϭ0,b/2,b. The line with solid triangles is at zϭ0, in the center of the cylinder. The curve with open triangles is z ϭb/2 at the 1/4 and 3/4 point. The first oscillation is compressive, and the stress is largest at the center zϭ0. The next oscillation at tϭ8 s has about the same stress at zϭ0, b/2. It is about 10% higher at zϭb/4: this curve is not shown. It will break under tension at any place along Ϫb/2рzрb/2. The next big oscillation is at tϭ17 s, and the stress is largest at zϭb/2. Again the other curve with solid triangles is at the ends of the cylinder and this is small, which means the boundary conditions are obeyed approximately. Figure 4 shows the same results for (t). The three curves are the points: solid triangles (ϭ0ϭz), open triangles ͑ϭ0, zϭb/2͒, and solid triangles ͑ϭa/2, zϭ0͒. The curve with (ϭ0ϭz) has the largest amplitude for all oscillations. In both Figs. 3 and 4 , the first large expansion peak occurs at 8 -10 s. For this peak note that (t) Ͼ zz (t). We also calculated (t). It is identical to (t) along the line ϭ0. Away from that line it is smaller than (t). So for this case with HϳD the fracture will be pie shaped rather than along the plane perpendicular to the z axis.
It should be kept in mind that these figures do not apply to an actual arrester, since the calculations were done for a cylinder lacking electrodes.
